
Southeast Asian

Bulletin of

Mathematics
c©SEAMS. 2021

Southeast Asian Bulletin of Mathematics (2021) 45: 287–300

Monotone Iterative Method for Weakly Coupled

System of Finite Difference Degenerate Parabolic

Equations with Mixed Monotonicity Condition

Kailas Ahire
Department of Mathematics, M.S.G. College, Malegaon camp-423 105, Dist Nashik,

India (M.S.)

Email: ksahire111@gmail.com

Received 20 January 2020
Accepted 10 November 2020

Communicated by S.S. Cheng

AMS Mathematics Subject Classification(2000): 65M06, 35K65, 74H99

Abstract. The purpose of this paper is to present an existence-comparison and unique-

ness theorem as well as an iterative method for finite difference system, which cor-

respond to a class of semilinear weakly coupled system of time degenerate parabolic

initial boundary value problems. The basic idea of the iterative method for the com-

putation of numerical solutions is the monotone approach which involves the notion of

upper and lower solutions and construction of monotone sequences from a suitable lin-

ear discrete system. Using upper and lower solutions as two distinct initial iterations,

two monotone sequences are constructed from a suitable linear system under mixed

quasimonotonicity condition. It is shown that these sequences converge monotonically

to a solution of the discrete system.
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1. Introduction

The method of upper lower solutions is one of the well known method employed
successfully in the study of existence-comparison and uniqueness of solutions of
initial boundary value problem (IBVP) for nonlinear partial differential equa-
tions. Certainly, this method is constructive and elegant. In the process of
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iteration both upper as well as lower bounds of the solution are in our hand.
In 1985, Pao [12] introduced monotone method for finite difference equations
of nonlinear parabolic and elliptic boundary value problems. In 2009, [9] study
a behavior of the solution of the Cauchy problem for a parabolic equation un-
der the condition of degeneration of the diffusion matrix. A series of papers
appeared in the literature for reaction diffusion problems under different condi-
tions (see [5, 6, 14, 15, 18]) and references therein. Dhaigude et al. [3] developed
monotone scheme for the discrete Dirichlet IBVP which correspond to semilin-
ear time degenerate parabolic Dirichlet IBVP and for weakly coupled system of
finite difference equations which corresponds to weakly coupled system of semi-
linear time degenerate parabolic Dirichlet IBVP respectively. A series of papers
appeared in the literature for monotone iterative method (see [1, 10, 16]). The
monotone method for nonlinear partial differential equations discussed in [11, 17,
19]. In this paper, the backward approximation for the spatial derivative terms
are used and the monotone scheme is developed, using the notion of upper-
lower solutions for weakly coupled system of finite difference equations which
corresponds to weakly coupled system of semilinear time degenerate parabolic

Dirichlet IBVP when the reaction functions f
(1)
i,n (ui,n, vi,n) and f

(2)
i,n (ui,n, vi,n)

are assumed to be mixed quasimonotone. Using upper and lower solutions as
distinct initial iterations, two monotone convergent sequences from linear system
are constructed. It is shown that these two sequences converge monotonically
from above and below to maximal and minimal solutions respectively which lead
to the existence-comparison and uniqueness results for the solution of the dis-
crete Dirichlet IBVP. Positivity lemma is the main ingredient used in the proof
of these results.

We organize the paper as follows: In section 2, Dirichlet IBVP for finite
difference system is formulated from the corresponding continuous semilinear
problem under consideration. The notion of upper lower solution is introduced.
Section 3 is devoted for the construction of monotone scheme for the discrete
Dirichlet IBVP. Using upper and lower solutions as distinct initial iterations, two
monotone convergent sequences are constructed, which converge monotonically
from above and below to maximal and minimal solutions respectively. Existence-
comparison and uniqueness results for the solution of discrete Dirichlet IBVP
are proved in the last section.

2. Finite Difference Equations

In this section, we obtain the discrete version of the Dirichlet initial bound-
ary value problem for weakly coupled system of semilinear time degenerate
parabolic equations. We consider the time degenerate Dirichlet initial boundary
value Problem (IBVP) for weakly coupled system of semilinear time degenerate
parabolic equations

d(1)(x, t)ut −D(1)(x, t)∇2u = f (1)(x, t, u, v);

d(2)(x, t)vt −D(2)(x, t)∇2v = f (2)(x, t, u, v);
in DT (1)
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Boundary conditions

u(x, t) = h(1)(x, t);

v(x, t) = h(2)(x, t);
on ST (2)

Initial conditions
u(x, 0) = ψ(1)(x);

v(x, 0) = ψ(2)(x);
in Ω (3)

where Ω is a bounded domain in R
p, (p = 1, 2, . . . ) with boundary ∂Ω. Here we

denote parabolic domain and parabolic boundary by

DT := Ω× (0, T ] , ST := ∂Ω× (0, T ], T > 0 respectively.

Suppose that

(i) The functions d(1)(x, t), d(2)(x, t) are nonnegative in DT . However we will
not assume that d(1)(x, t) and d(2)(x, t) are bounded away from zero. Since
both the coefficients d(1)(x, t) = 0, d(2)(x, t) = 0 for some (x, t) ∈ DT and
hence the system is time degenerate.

(ii) D(1)(x, t) > 0, D(2)(x, t) > 0 in DT .

(iii) the functions f (1)(x, t, u, v), f (2)(x, t, u, v) are in general nonlinear in u, v

and depend explicitly on (x, t). They are assumed to be mixed quasimono-
tone.

Now, we write the discrete version of the above continuous Dirichlet IBVP
(1)-(3) by converting it into finite difference equations as in [1, 6, 7]. Let i =
(i1, i2, ..., ip) be a multiple index with iν = 0, 1, 2, ...,Mν + 1 and let xi =
(xi1 , xi2 , ..., xip) be an arbitrary mesh point in Ωp where Mν is the total number
of interior mesh points in the xiν co-ordinate direction. Denoted by Ωp, Ω̄p,
∂Ωp, Λp and Sp the sets of mesh points in Ω, Ω̄, ∂Ω, Ω× (0, T ) and ∂Ω× (0, T )
respectively and Λ̄p denote the set of all mesh points in Ω̄× [0, T ] where Ω̄ is the
closure of Ω. Let (i, n) be used to represent the mesh point (xi,tn). Set

ui,n ≡ u(xi, tn), vi,n ≡ v(xi, tn),

d
(1)
i,n ≡ d(1)(xi, tn), d

(2)
i,n ≡ d(2)(xi, tn)

D
(1)
i,n ≡ D(1)(xi, tn), D

(2)
i,n ≡ D(2)(xi, tn),

h
(1)
i,n ≡ h(1)(xi, tn), h

(2)
i,n ≡ h(2)(xi, tn)

u
(1)
i,0 ≡ u(1)(xi, 0), u

(2)
i,0 ≡ u(2)(xi, 0)

v
(1)
i,0 ≡ v(1)(xi, 0), v

(2)
i,0 ≡ v(2)(xi, 0)

ψ
(1)
i ≡ ψ(1)(xi), ψ

(2)
i ≡ ψ(2)(xi)

f
(1)
i,n (ui,n, vi,n) ≡ f (1)(xi, tn, ui,n, vi,n),

f
(2)
i,n (ui,n, vi,n) ≡ f (2)(xi, tn, ui,n, vi,n).
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Let kn = tn − tn−1 be the nth time increment for n = 1, 2, ..., N and hν be the
spatial increment in the xiν co-ordinate direction. Let eν= (0,...,1...,0) be the
unit vector in R

p where the constant 1 appears in the νth component and zero
elsewhere. The standard second order difference approximation is [2, 8, 7]

4(ν)u(xi, tn) = h(−2)
ν [u(xi + hνeν , tn)− 2u(xi, tn) + u(xi − hνeν , tn)] (4)

and usual backward difference approximation for ut by k
−1
n (ui,n−ui,n−1). Then

the continuous Dirichlet IBVP (1)-(3) becomes

d
(1)
i,nk

−1
n (ui,n − ui,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ui,n = f
(1)
i,n (ui,n, vi,n);

d
(2)
i,nk

−1
n (vi,n − vi,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)vi,n = f
(2)
i,n (ui,n, vi,n);

(i, n) ∈ Λp (5)

boundary conditions

ui,n = h
(1)
i,n;

vi,n = h
(2)
i,n;

(i, n) ∈ Sp (6)

initial conditions
ui,0 = Ψ

(1)
i ;

vi,0 = Ψ
(2)
i ;

i ∈ Ωp (7)

In this way we have obtained the discrete Dirichlet IBVP (5)-(7) for time degen-

erate parabolic partial differential equations. The reaction functions f
(1)
i,n (ui,n,

vi,n) and f
(2)
i,n (ui,n, vi,n) are assumed to be mixed quasimonotone. In this case, we

consider that f
(1)
i,n (ui,n, vi,n) is quasimonotone nonincreasing and f

(2)
i,n (ui,n, vi,n)

is quasimonotone nondecreasing. We define it as follows

Definition 2.1. The C1-functions f
(1)
i,n andf

(2)
i,n are said to be mixed quasimonotone

if

f
(1)
i,n (ui,n, vi,n) ≥ f

(1)
i,n (ui,n, v

′
i,n) for v

′
i,n ≥ vi,n

and
f
(2)
i,n (ui,n, vi,n) ≤ f

(2)
i,n (u

′
i,n, vi,n) for u

′
i,n ≥ ui,n

respectively (or vice versa).

3. Upper Lower Solutions

We develop monotone scheme for the system of finite difference time degenerate
Dirichlet IBVP (5)-(7). The discrete version of the positivity lemma in [4] for the
continuous problem play an important role in the construction of monotone and
convergent sequences. Now we develop monotone scheme for time degenerate
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discrete Dirichlet IBVP (5)-(7). We define upper and lower solutions of the time
degenerate discrete Dirichlet IBVP (5)-(7).

Definition 3.1. The functions (ũi,n, ṽi,n) and (ûi,n, v̂i,n) with (ũi,n, ṽi,n) ≥
(ûi,n, v̂i,n) are called ordered upper and lower solutions of time degenerate dis-
crete Dirichlet IBVP (5)-(7) if they satisfy differential inequalities

d
(1)
i,nk

−1
n (ũi,n − ũi,n−1)−

p∑

υ=1

D
(1)
i,n4

(υ)ũi,n ≥ f
(1)
i,n (ũi,n, v̂i,n);

d
(1)
i,nk

−1
n (ûi,n − ûi,n−1)−

p∑

υ=1

D
(1)
i,n4

(υ)ûi,n ≤ f
(1)
i,n (ûi,n, ṽi,n);

(i, n) ∈ Λp

d
(2)
i,nk

−1
n (ṽi,n − ṽi,n−1)−

p∑

υ=1

D
(2)
i,n4

(υ)ṽi,n ≥ f
(2)
i,n (ũi,n, ṽi,n);

d
(2)
i,nk

−1
n (v̂i,n − v̂i,n−1)−

p∑

υ=1

D
(2)
i,n4

(υ)v̂i,n ≤ f
(2)
i,n (ûi,n, v̂i,n);

Boundary conditions

ũi,n ≥ h
(1)
i,n;

ûi,n ≤ h
(1)
i,n

(i, n) ∈ Sp

ṽi,n ≥ h
(2)
i,n;

v̂i,n ≤ h
(2)
i,n

Initial conditions

ũi,0 ≥ Ψ
(1)
i ;

ûi,0 ≤ Ψ
(1)
i

i ∈ Ωp

ṽi,0 ≥ Ψ
(2)
i ;

v̂i,0 ≤ Ψ
(2)
i .

Definition 3.2. For any ordered upper and lower solutions (ũi,n, ṽi,n) and (ûi,n
,v̂i,n) the sector is denoted by Si,n and is defined as

Si,n = {(ui,n, vi,n) ∈ Λ̄p : (ûi,n, v̂i,n) ≤ (ui,n, vi,n) ≤ (ũi,n, ṽi,n)}. (8)
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Suppose there exist nonnegative constants c
(1)
i,n and c

(2)
i,n such that the function

(f
(1)
i,n , f

(2)
i,n ) satisfies the following one sided Lipschitz condition

f
(1)
i,n (ui,n, vi,n)− f

(1)
i,n (u

′
i,n, vi,n) ≥ −c

(1)
i,n(ui,n − u′i,n) when ui,n ≥ u′i,n

f
(2)
i,n (ui,n, vi,n)− f

(2)
i,n (ui,n, v

′
i,n) ≥ −c

(2)
i,n(vi,n − v′i,n) when vi,n ≥ v′i,n.

(9)

Further more, for any (ui,n, vi,n) and (u′i,n, v
′
i,n) in the sector Si,n,we have

f
(1)
i,n (ui,n, vi,n)− f

(1)
i,n (u

′
i,n, vi,n) ≤ c

(1)
i,n(ui,n − u′i,n) when ui,n ≥ u′i,n

f
(2)
i,n (ui,n, vi,n)− f

(2)
i,n (ui,n, v

′
i,n) ≤ c

(2)
i,n(vi,n − v′i,n) when vi,n ≥ v′i,n.

(10)

Adding c
(1)
i,nui,n and c

(2)
i,nvi,n on both sides of equation in (5) respectively, we get

d
(1)
i,nk

−1
n (ui,n − ui,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ui,n + c
(1)
i,nui,n = c

(1)
i,nui,n + f

(1)
i,n (ui,n, vi,n)

d
(2)
i,nk

−1
n (vi,n − vi,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)vi,n + c
(2)
i,nvi,n = c

(2)
i,nvi,n + f

(2)
i,n (ui,n, vi,n).

Suppose

L[ui,n] ≡ d
(1)
i,nk

−1
n (ui,n − ui,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ui,n + c
(1)
i,nui,n

L[vi,n] ≡ d
(2)
i,nk

−1
n (vi,n − vi,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)vi,n + c
(2)
i,nvi,n

and

L[umi,n] ≡ d
(1)
i,nk

−1
n (u

(m)
i,n − u

(m)
i,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)u
(m)
i,n + c

(1)
i,nu

(m)
i,n

L[vmi,n] ≡ d
(2)
i,nk

−1
n (v

(m)
i,n − v

(m)
i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v(m)
i,n + c

(2)
i,nv

(m)
i,n .

Lemma 3.3. (Positivity Lemma) [4] Suppose that wi,n satisfies the following
inequalities

di,nk
−1
n (wi,n − wi,n−1)−

p∑

ν=1

Di,n∆
(ν)wi,n + ci,nwi,n ≥ 0; (i, n) ∈ Λp,

Bwi,n ≥ 0; (i, n) ∈ Sp,

wi,0 ≥ 0; i ∈ Ωp,
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where Bwi,n = α(xi, tn)|xi − x̂i|
−1[w(xi, tn) − w(x̂i, tn)] + β(xi, tn)

∂w
∂ν

(xi, tn),
ci,n ≥ 0, di,n ≥ 0, x̂i is a suitable point in Ωp and |xi− x̂i| is the distance between
xi and x̂i then wi,n ≥ 0 in Λ̄p.

4. Monotone Iterative Scheme

We choose suitable initial iterations (u
(0)
i,n, v

(0)
i,n) as either (ũi,n, ṽi,n) or (ûi,n, v̂i,n)

and construct a sequence of iterations {u
(m)
i,n , v

(m)
i,n } from the following iteration

processes

L[u
(m)
i,n ] =c

(1)
i,nu

(m−1)
i,n + f

(1)
i,n (u

(m−1)
i,n , v

(m−1)
i,n ),

L[v
(m)
i,n ] =c

(2)
i,nv

(m−1)
i,n + f

(2)
i,n (u

(m)
i,n , v

(m−1)
i,n ),

(i, n) ∈ Λp

u
(m)
i,n =h

(1)
i,n

v
(m)
i,n =h

(2)
i,n,

(i, n) ∈ Sp

u
(m)
i,0 =ψ

(1)
i

v
(m)
i,0 =ψ

(2)
i .

i ∈ Ωp

It is a system of linear algebraic equations. Here m = 1 and with suitable choice

of initial iterations (ū
(0)
i,n, v

(0)
i,n) = (ũi,n, v̂i,n). we get (ū

(1)
i,n) from first equation.

Put this value in second equation, we get first iteration (ū
(1)
i,n, v

(1)
i,n). Repeat the

process form = 2, 3, ..... We construct a sequence {ū
(m)
i,n , v

(m)
i,n }. Further, suppose

m = 1 and with suitable choice of initial iterations (u
(0)
i,n, v̄

(0)
i,n) = (ûi,n, ṽi,n). we

get (u
(1)
i,n) from first equation. Put this value in second equation, we get first

iteration (u
(1)
i,n, v̄

(1)
i,n). Repeat the process for m=2,3,..... We construct a sequence

{u
(m)
i,n , v̄

(m)
i,n }.

Furthermore, we note an interesting point about the above iterative scheme is

that the component (ū
(1)
i,n) from first equation and is used immediately in second

equation and (v̄
(1)
i,n) is obtained. We note the above kind of iteration is similar to

the Gauss-Seidal iterative method for algebraic systems. It has the advantage
of obtaining faster convergent sequences.

In the following, we obtain the monotone property of the sequences when
initial iteration is either an upper solution or a lower solution.

Lemma 4.1. [Monotone Property] Suppose that

(i) (ũi,n, ṽi,n) and (ûi,n, v̂i,n) are ordered upper and lower solutions of discrete
Dirichlet IBVP (5)-(7).

(ii) a function (f
(1)
i,n , f

(2)
i,n ) is mixed quasimonotone in Si,n.
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(iii) the function (f
(1)
i,n , f

(2)
i,n ) satisfies the following one sided Lipschitz condition

f
(1)
i,n (ui,n, vi,n)− f

(1)
i,n (u

′
i,n, vi,n) ≥ −c

(1)
i,n(ui,n − u′i,n) if ui,n ≥ u′i,n

f
(2)
i,n (ui,n, vi,n)− f

(2)
i,n (ui,n, v

′
i,n) ≥ −c

(2)
i,n(vi,n − v′i,n) if vi,n ≥ v′i,n.

(11)

Then the sequences {ū
(m)
i,n , v̄

(m)
i,n } and {u

(m)
i,n , v

(m)
i,n } possess the monotone prop-

erty,

ûi,n ≤ u
(1)
i,n ≤ · · · ≤ u

(m+1)
i,n ≤ ū

(m+1)
i,n ≤ · · · ≤ ū

(1)
i,n ≤ ũi,n in Λ̄p (12)

v̂i,n ≤ v
(1)
i,n ≤ · · · ≤ v

(m+1)
i,n ≤ v̄

(m+1)
i,n ≤ · · · ≤ v̄

(1)
i,n ≤ ṽi,n in Λ̄p. (13)

Proof. Define wi,n = ū
(0)
i,n − ū

(1)
i,n = ũi,n − ū

(1)
i,n, where ū

(0)
i,n = ũi,n. We have

L[wi,n] = L[ũi,n]− L[ū
(1)
i,n],

L[wi,n] = d
(1)
i,nk

−1
n (ũi,n − ũi,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ũi,n + c
(1)
i,nũi,n

−[d
(1)
i,nk

−1
n (ū

(1)
i,n − ū

(1)
i,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ū
(1)
i,n + c

(1)
i,nū

(1)
i,n]

= d
(1)
i,nk

−1
n (ũi,n − ũi,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ũi,n + c
(1)
i,nũi,n

−[c
(1)
i,nũi,n + f

(1)
i,n (ũi,n, v̂i,n)] (By iteration Process)

= d
(1)
i,nk

−1
n (ũi,n − ũi,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ũi,n − f
(1)
i,n (ũi,n, v̂i,n)

≥ 0 (Since ũi,n is an upper solution)

d
(1)
i,nk

−1
n (wi,n − wi,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)wi,n + c
(1)
i,nwi,n ≥ 0; (i, n) ∈ Λp

wi,n = ũi,n − h
(1)
i,n ≥ 0; (i, n) ∈ Sp

wi,0 = ũi,0 −Ψ
(1)
i ≥ 0; i ∈ Ωp

Applying positivity Lemma 3.3, we get wi,n ≥ 0 implies that ū
(1)
i,n ≤ ũi,n. Simi-

larly, we can show that ûi,n ≤ u
(1)
i,n. Define zi,n = v

(1)
i,n − v

(0)
i,n = v

(1)
i,n − v̂i,n, where

v
(0)
i,n = v̂i,n. We have

L[zi,n] = L[v
(1)
i,n]− L[v̂i,n],

L[zi,n] = d
(2)
i,nk

−1
n (v

(1)
i,n − v

(1)
i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v
(1)
i,n + c

(2)
i,nv

(1)
i,n
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−[d
(2)
i,nk

−1
n (v̂i,n − v̂i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v̂i,n + c
(2)
i,nv̂i,n]

= c
(2)
i,nv̂i,n + f

(2)
i,n (u

(1)
i,n, v̂i,n)− [d

(2)
i,nk

−1
n (v̂i,n − v̂i,n−1)

−

p∑

ν=1

D
(2)
i,n4

(ν)v̂i,n + c
(2)
i,nv̂i,n] (By iteration Process)

= f
(2)
i,n ((u

(1)
i,n, v̂i,n)− [d

(2)
i,nk

−1
n (v̂i,n − v̂i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v̂i,n]

(We know that f
(2)
i,n is quasimonotone nondecreasing function)

≥ f
(2)
i,n (ûi,n, v̂i,n)− [d

(2)
i,nk

−1
n (v̂i,n − v̂i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v̂i,n]

≥ 0 (Since v̂i,n is lower solution)

d
(2)
i,nk

−1
n (zi,n − zi,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)zi,n + c
(2)
i,nzi,n ≥ 0; (i, n) ∈ Λp

zi,n = v
(1)
i,n − v̂i,n ≥ h

(2)
i,n − v̂i,n ≥ 0; (i, n) ∈ Sp

zi,0 = v
(1)
i,0 − v̂i,0 ≥ Ψ

(2)
i − v̂i,0 ≥ 0; i ∈ Ωp

Applying positivity Lemma 3.3, we get zi,n ≥ 0 implies that v
(1)
i,n ≥ v̂i,n.

On similar lines, using the property of (ûi,n, ṽi,n) gives

u
(1)
i,n ≥ ûi,n and v̄

(1)
i,n ≤ ṽi,n.

Next we define w
(1)
i,n = ū

(1)
i,n − u

(1)
i,n. We have

L[w
(1)
i,n ] = L[ū

(1)
i,n]− L[u

(1)
i,n],

L[w
(1)
i,n ] = d

(1)
i,nk

−1
n (ū

(1)
i,n − ū

(1)
i,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ū
(1)
i,n + c

(1)
i,nū

(1)
i,n

−[d
(1)
i,nk

−1
n (u

(1)
i,n − u

(1)
i,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)u
(1)
i,n + c

(1)
i,nu

(1)
i,n]

= c
(1)
i,nū

(0)
i,n + f

(1)
i,n (ū

(0)
i,n, v

(0)
i,n)− c

(1)
i,nu

(0)
i,n − f

(1)
i,n (u

(0)
i,n, v̄

(0)
i,n)

(By iteration Process)

= [c
(1)
i,n(ū

(0)
i,n − u

(0)
i,n) + f

(1)
i,n (ū

(0)
i,n, v

(0)
i,n)− f

(1)
i,n (u

(0)
i,n, v

(0)
i,n)]

+[f
(1)
i,n (u

(0)
i,n, v

(0)
i,n)− f

(1)
i,n (u

(0)
i,n, v̄

(0)
i,n)]

≥ 0 (f
(1)
i,n is Lipchitzian and quasimonotone nonincreasing),

d
(1)
i,nk

−1
n (w

(1)
i,n − w

(1)
i,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)w
(1)
i,n + c

(1)
i,nw

(1)
i,n ≥ 0; (i, n) ∈ Λp
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w
(1)
i,n = ū

(1)
i,n − u

(1)
i,n ≥ h

(1)
i,n − u

(1)
i,n ≥ 0; (i, n) ∈ Sp

w
(1)
i,0 = ū

(1)
i,0 − u

(1)
i,0 ≥ Ψ

(1)
i − u

(1)
i,0 ≥ 0; i ∈ Ωp.

Applying positivity Lemma 3.3, we get w
(1)
i,n ≥ 0 implies that u

(1)
i,n ≤ ū

(1)
i,n.

Define z
(1)
i,n = v̄

(1)
i,n − v

(1)
i,n. We have

L[z
(1)
i,n ] = L[v̄

(1)
i,n ]− L[v

(1)
i,n]

L[z
(1)
i,n ] = d

(2)
i,nk

−1
n (v̄

(1)
i,n − v̄

(1)
i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v̄
(1)
i,n + c

(2)
i,nv̄

(1)
i,n

−[d
(2)
i,nk

−1
n (v

(1)
i,n − v

(1)
i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v
(1)
i,n + c

(2)
i,nv

(1)
i,n]

= c
(2)
i,nv̄

(0)
i,n + f

(2)
i,n (ū

(1)
i,n, v̄

(0)
i,n)− c

(2)
i,nv

(0)
i,n − f

(2)
i,n (u

(1)
i,n, v

(0)
i,n)

(By iteration Process)

= [c
(2)
i,n(v̄

(0)
i,n − v

(0)
i,n) + f

(2)
i,n (ū

(1)
i,n, v̄

(0)
i,n)− f

(2)
i,n (ū

(1)
i,n, v

(0)
i,n)]

+[f
(2)
i,n (ū

(1)
i,n, v

(0)
i,n)− f

(2)
i,n (u

(1)
i,n, v

(0)
i,n)]

≥ 0 (f
(2)
i,n is Lipchitzian and quasimonotone nondecreasing)

d
(2)
i,nk

−1
n (z

(1)
i,n − z

(1)
i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)z
(1)
i,n + c

(2)
i,nz

(1)
i,n ≥ 0; (i, n) ∈ Λp

z
(1)
i,n = v̄

(1)
i,n − v

(1)
i,n ≥ h

(2)
i,n − v

(1)
i,n ≥ 0; (i, n) ∈ Sp

z
(1)
i,0 = v̄

(1)
i,0 − v

(1)
i,0 ≥ Ψ

(2)
i − v

(1)
i,0 ≥ 0; i ∈ Ωp.

Applying positivity Lemma 3.3, we get z
(1)
i,n ≥ 0 implies that v

(1)
i,n ≤ v̄

(1)
i,n .

We conclude that

ûi,n ≤ u
(1)
i,n ≤ ū

(1)
i,n ≤ ũi,n in Λ̄p

v̂i,n ≤ v
(1)
i,n ≤ v̄

(1)
i,n ≤ ṽi,n in Λ̄p

Thus result is true for m = 1. Assume that it is true for m = l

u
(l−1)
i,n ≤ u

(l)
i,n ≤ ū

(l)
i,n ≤ ū

(l−1)
i,n in Λ̄p

v
(l−1)
i,n ≤ v

(l)
i,n ≤ v̄

(l)
i,n ≤ v̄

(l−1)
i,n in Λ̄p.

Now we prove that it is true for m = l + 1.

Define w
(l)
i,n = ū

(l)
i,n − ū

(l+1)
i,n . We have

L[w
(l)
i,n] = L[ū

(l)
i,n]− L[ū

(l+1)
i,n ],

L[w
(l)
i,n] = d

(1)
i,nk

−1
n (ū

(l)
i,n − ū

(l)
i,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ū
(l)
i,n + c

(1)
i,nū

(l)
i,n
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−[d
(1)
i,nk

−1
n (ū

(l+1)
i,n − ū

(l+1)
i,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)ū
(l+1)
i,n + c

(1)
i,nū

(l+1)
i,n ]

= c
(1)
i,nū

(l−1)
i,n + f

(1)
i,n (ū

(l−1)
i,n , v

(l−1)
i,n )− [c

(1)
i,nū

(l)
i,n + f

(1)
i,n (ū

(l)
i,n, v

(l)
i,n)]

(By iteration Process)

= c
(1)
i,n(ū

(l−1)
i,n − ū

(l)
i,n) + f

(1)
i,n (ū

(l−1)
i,n , v

(l−1)
i,n )− f

(1)
i,n (ū

(l)
i,n, v

(l)
i,n)

= [c
(1)
i,n(ū

(l−1)
i,n − ū

(l)
i,n) + f

(1)
i,n (ū

(l−1)
i,n , v

(l−1)
i,n )− f

(1)
i,n (ū

(l)
i,n, v

(l−1)
i,n )]

+[f
(1)
i,n (ū

(l)
i,n, v

(l−1)
i,n )− f

(1)
i,n (ū

(l)
i,n, v

(l)
i,n)]

≥ 0 (f
(1)
i,n is Lipchitzian and quasimonotone nonincreasing)

d
(1)
i,nk

−1
n (w

(l)
i,n − w

(l)
i,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)w
(l)
i,n + c

(1)
i,nw

(l)
i,n ≥ 0; (i, n) ∈ Λp

w
(l)
i,n = ū

(l)
i,n − ū

(l+1)
i,n ≥ h

(1)
i,n − u

(l)
i,n ≥ 0; (i, n) ∈ Sp

w
(l)
i,0 = ū

(l)
i,0 − ū

(l+1)
i,0 ≥ Ψ

(1)
i − u

(l)
i,0 ≥ 0; i ∈ Ωp.

Applying positivity Lemma 3.3, we get w
(l)
i,n ≥ 0 implies that ū

(l+1)
i,n ≤ ū

(l)
i,n.

On similar lines we can prove that u
(l)
i,n ≤ u

(l+1)
i,n and u

(l+1)
i,n ≤ ū

(l+1)
i,n . Define

z
(l)
i,n = v̄

(l)
i,n − v̄

(l+1)
i,n . We have

L[z
(l)
i,n] = L[v̄

(l)
i,n]− L[v̄

(l+1)
i,n ],

L[z
(l)
i,n] = d

(2)
i,nk

−1
n (v̄

(l)
i,n − v̄

(l)
i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v̄
(l)
i,n + c

(2)
i,nv̄

(l)
i,n

−[d
(2)
i,nk

−1
n (v̄

(l+1)
i,n − v̄

(l+1)
i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)v̄
(l+1)
i,n + c

(2)
i,nv̄

(l+1)
i,n ]

= c
(2)
i,nv̄

(l−1)
i,n + f

(2)
i,n (ū

(l)
i,n, v̄

(l−1)
i,n )− c

(2)
i,nv̄

(l)
i,n − f

(2)
i,n (ū

(l+1)
i,n , v̄

(l)
i,n)

(By iteration Process)

= [c
(2)
i,n(v̄

(l−1)
i,n − v̄

(l)
i,n) + f

(2)
i,n (ū

(l)
i,n, v̄

(l−1)
i,n )− f

(2)
i,n (ū

(l)
i,n, v̄

(l)
i,n)]

+[f
(2)
i,n (ū

(l)
i,n, v̄

(l)
i,n)− f

(2)
i,n (ū

(l+1)
i,n , v̄

(l)
i,n)]

≥ 0 (f
(2)
i,n is Lipchitzian and quasimonotone nondecreasing)

d
(2)
i,nk

−1
n (z

(l)
i,n − z

(l)
i,n−1)−

p∑

ν=1

D
(2)
i,n4

(ν)z
(l)
i,n + c

(2)
i,nz

(l)
i,n ≥ 0; (i, n) ∈ Λp

z
(l)
i,n = v̄

(l)
i,n − v̄

(l+1)
i,n ≥ v̄

(l)
i,n − h

(2)
i,n ≥ 0; (i, n) ∈ Sp

z
(l)
i,0 = v̄

(l)
i,0 − v̄

(l+1)
i,0 ≥ v̄

(l)
i,0 −Ψ

(2)
i ≥ 0; i ∈ Ωp.

Applying positivity Lemma 3.3, we get w
(l)
i,n ≥ 0 implies that v̄

(l+1)
i,n ≤ v̄

(l)
i,n. Note

that using similar arguments we can prove v
(l)
i,n ≤ v

(l+1)
i,n as well as v

(l+1)
i,n ≤ v̄

(l+1)
i,n .

Thus from principle of mathematical induction result is true for all m.
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5. Applications

In this section, we show that the monotone method can be successfully applied
to prove existence - comparison and uniqueness results for the solution of the
discrete time degenerate Dirichlet IBVP (5)-(7).

Theorem 5.1. (Existence-Comparison Theorem) Suppose that

(i) (ũi,n, ṽi,n) and (ûi,n, v̂i,n) are ordered upper and lower solutions of discrete
time degenerate Dirichlet IBVP (5)-(7).

(ii) a function (f
(1)
i,n , f

(2)
i,n ) is mixed quasimonotone in Si,n,

(iii) the function (f
(1)
i,n , f

(2)
i,n ) satisfies the following one sided Lipschitz condition

f
(1)
i,n (ui,n, vi,n)− f

(1)
i,n (u

′
i,n, vi,n) ≥ −c

(1)
i,n(ui,n − u′i,n) when ui,n ≥ u′i,n

f
(2)
i,n (ui,n, vi,n)− f

(2)
i,n (ui,n, v

′
i,n) ≥ −c

(2)
i,n(vi,n − v′i,n) when vi,n ≥ v′i,n

Then the sequence {ū
(m)
i,n , v̄

(m)
i,n } converges monotonically from above to max-

imal solution {ūi,n, v̄i,n} and the sequence {u
(m)
i,n , v

(m)
i,n } converges monotonically

from below to minimal solution {ui,n, vi,n} of discrete time degenerate Dirichlet
IBVP (5)-(7). More over maximal solution {ūi,n, v̄i,n} and minimal solution
{ui,n, vi,n} satisfy the relation,

(ûi,n, v̂i,n) ≤ (ui,n, vi,n) ≤ (ūi,n, v̄i,n) ≤ (ũi,n, ṽi,n) in Λ̄p (14)

Proof. From Lemma 4.1, we conclude that the sequence {ū
(m)
i,n , v̄

(m)
i,n } is monotone

nonincreasing and bounded from below hence it converges to limit function say

(ūi,n, v̄i,n). Also the sequence {u
(m)
i,n , v

(m)
i,n } is monotone nondecreasing and is

bounded from above hence it converges to limit function say (ui,n, vi,n). So the
following limits:

lim
m→∞

ū
(m)
i,n = ūi,n,

lim
m→∞

v̄
(m)
i,n = v̄i,n,

lim
m→∞

u
(m)
i,n = ui,n,

lim
m→∞

v
(m)
i,n = vi,n

exist and called maximal and minimal solutions respectively of the discrete time
degenerate Dirichlet IBVP (5)-(7) and they satisfy the relation

(ûi,n, v̂i,n) ≤ (ui,n, vi,n) ≤ (ūi,n, v̄i,n) ≤ (ũi,n, ṽi,n) inΛp.

Theorem 5.2. (Uniqueness Theorem) Suppose that
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(i) (ũi,n, ṽi,n) and (ûi,n, v̂i,n) are ordered upper and lower solutions of discrete
time degenerate Dirichlet IBVP (5)-(7).

(ii) the function (f
(1)
i,n , f

(2)
i,n ) is mixed quasimonotone in Si,n,

(iii) the function (f
(1)
i,n , f

(2)
i,n ) satisfies the following Lipschitz condition

−c
(1)
i,n(ui,n − u′i,n) ≤f

(1)
i,n (ui,n, vi,n)− f

(1)
i,n (u

′
i,n, vi,n) ≤ c

(1)
i,n(ui,n − u′i,n)

when ui,n ≥ u′i,n,

−c
(2)
i,n(vi,n − v′i,n) ≤f

(2)
i,n (ui,n, vi,n)− f

(2)
i,n (ui,n, v

′
i,n) ≤ c

(2)
i,n(vi,n − v′i,n)

when vi,n ≥ v′i,n.
Then the discrete time degenerate Dirichlet IBVP (5)-(7) has unique solution.

Proof. We know that (ūi,n, v̄i,n) and (ui,n, vi,n) are maximal and minimal so-
lutions respectively of the discrete time degenerate Dirichlet IBVP (5)-(7). To
prove the uniqueness of solution, it is sufficient to show that

ui,n ≥ ūi,n and vi,n ≥ v̄i,n.

Define a function wi,n = ui,n − ūi,n. Observe that

d
(1)
i,nk

−1
n (wi,n − wi,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)wi,n

=f
(1)
i,n (ui,n, vi,n)− f

(1)
i,n (ūi,n, v̄i,n)

=f
(1)
i,n (ui,n, vi,n)− f

(1)
i,n (ūi,n, vi,n) + f

(1)
i,n (ūi,n, vi,n)− f

(1)
i,n (ūi,n, v̄i,n)

≥− c̄i,nwi,n + f
(1)
i,n (ūi,n, vi,n)− f

(1)
i,n (ūi,n, v̄i,n).

Since f
(1)
i,n is mixed quasimonotone, we obtain

d
(1)
i,nk

−1
n (wi,n − wi,n−1)−

p∑

ν=1

D
(1)
i,n4

(ν)wi,n + c̄i,nwi,n ≥ 0

wi,n ≥ 0

wi,0 ≥ 0.

Applying Lemma 3.3, we get wi,n ≥ 0 i.e. ui,n ≥ ūi,n and we conclude that
ui,n ≡ ūi,n. On similar lines, we can prove that vi,n ≥ v̄i,n and we conclude that
vi,n ≡ v̄i,n. Hence the result.

Acknowledgement. I am very thankful to DST-FIST for providing Research
facility in College.

References

[1] K.S. Ahire, D.B. Dhaigude, Monotone iterative technique for weakley coupled sys-
tem of finite difference equations of time degenerate Parabolic problems, Malaya
J. Matematik 7 (2) (2019) 171–176.



300 K. Ahire

[2] W.F. Ames, Numerical Methods for Partial Differential Equations, 3rd Ed., Aca-
demic Press, San Diego, 1992.

[3] D.B. Dhaigude, K.S. Ahire, Monotone method for coupled system of finite differ-
ence equations of time degenerate parabolic problems, Inter. Elec. J. Pure and
Appl. Math. 8 (4) (2014) 67–79.

[4] D.B. Dhaigude, R.M. Dhaigude, C.D. Dhaigude, Monotone technique for non-
linear time degenerate reaction-diffusion problems, In: Inter. Conf. Proceeding
on, Recent Advances in Mathematical Sciences and Applications, Institute of Ad-
vanced Studies, India, 2009.

[5] D.B. Dhaigude, S.B. Kiwne, R.M. Dhaigude, Method of upper lower solutions for
finite difference coupled reaction diffusion systems, Proc. Inter. Conf. on Nonlin-
ear Systems (India, Dec. 2006), Bull. Marathwada Math. Soc. 8 (2) (2007) 1–11.

[6] D.B. Dhaigude, S.B. Kiwne, R.M. Dhaigude, Monotone iterative scheme for
weakly coupled system of finite difference reaction-diffusion equations, Comm.
Appl. Anal. 12 (2) (2008) 161–172.

[7] D.B. Dhaigude, B.R. Sontakke, C.D. Dhaigude, Monotone technique for nonlinear
degenerate weakley coupled system of parabolic problems, Comm. Appl. Anal. 15
(1) (2011) 13–24.

[8] G.E. Forsythe, W.R. Wasow, Finite Difference Methods for Partial Differential
Equations, Wiley, New York, 1964.

[9] I.V. Komashynska, A.M. Ateiwi, On the limit behavior of degenerate parabolic
equations, Southeast Asian Bull. Math. 33 (2009) 751–755.

[10] G.S. Ladde, V. Lakshmikantham, A.S. Vatsala, Monotone Iterative Techniques
for Nonlinear Differential Equations, Pitman, New York, 1985.

[11] A.W. Leung, Systems of Nonlinear Partial Differential Equations, Kluwer,
Dordrecht-Boston, 1989.

[12] C.V. Pao, Monotone iterative method for finite difference system of reaction dif-
fusion equations, Numer. Math. 46 (1985) 571–586.

[13] C.V. Pao, Nonlinear Parabolic and Elliptic Equations, Plenum Press, New York,
1992.

[14] C.V. Pao, Numerical methods for coupled systems of nonlinear parabolic bound-
ary value problems, J. Math. Anal. Appl. 151 (1990) 581–608.

[15] C.V. Pao, Numerical methods for coupled systems of nonlinear parabolic bound-
ary value problems, J. Math. Anal. Appl. 171 (2002) 681–708.

[16] Q. Huang, X. Hou, Monotone iteration scheme and its application to Partial
differential equation systems with mixed nonlocal and degenerate diffusions, Elec.
J. Diff. Equn. 51 (2019) 1–21.

[17] D.H. Sattinger, Monotone methods in nonlinear elliptic and parabolic boundary
value problems, Indiana Uni. Math. J. 21 (1972) 979–1000.

[18] B.R. Sontakke, Mathematical theory of degenerate reaction diffusion problems,
Bull. Marathwada Math. Soc. 14 (1) (2013) 81–101.

[19] B.R. Sontakke, C.D. Dhaigude, Monotone method for nonlinear weakly coupled
degenerate parabolic system, In: Inter. Conf. Proceeding on, Recent Advances
in Mathematical Sciences and Applications, Institute of Advanced Studies, India,
2009.


