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Abstract. The purpose of this paper is to present an existence-comparison and unique-
ness theorem as well as an iterative method for finite difference system, which cor-
respond to a class of semilinear weakly coupled system of time degenerate parabolic
initial boundary value problems. The basic idea of the iterative method for the com-
putation of numerical solutions is the monotone approach which involves the notion of
upper and lower solutions and construction of monotone sequences from a suitable lin-
ear discrete system. Using upper and lower solutions as two distinct initial iterations,
two monotone sequences are constructed from a suitable linear system under mixed
quasimonotonicity condition. It is shown that these sequences converge monotonically
to a solution of the discrete system.
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1. Introduction

The method of upper lower solutions is one of the well known method employed
successfully in the study of existence-comparison and uniqueness of solutions of
initial boundary value problem (IBVP) for nonlinear partial differential equa-
tions. Certainly, this method is constructive and elegant. In the process of
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iteration both upper as well as lower bounds of the solution are in our hand.
In 1985, Pao [12] introduced monotone method for finite difference equations
of nonlinear parabolic and elliptic boundary value problems. In 2009, [9] study
a behavior of the solution of the Cauchy problem for a parabolic equation un-
der the condition of degeneration of the diffusion matrix. A series of papers
appeared in the literature for reaction diffusion problems under different condi-
tions (see [5, 6, 14, 15, 18]) and references therein. Dhaigude et al. [3] developed
monotone scheme for the discrete Dirichlet IBVP which correspond to semilin-
ear time degenerate parabolic Dirichlet IBVP and for weakly coupled system of
finite difference equations which corresponds to weakly coupled system of semi-
linear time degenerate parabolic Dirichlet IBVP respectively. A series of papers
appeared in the literature for monotone iterative method (see [1, 10, 16]). The
monotone method for nonlinear partial differential equations discussed in [11, 17,
19]. In this paper, the backward approximation for the spatial derivative terms
are used and the monotone scheme is developed, using the notion of upper-
lower solutions for weakly coupled system of finite difference equations which
corresponds to weakly coupled system of semilinear time degenerate parabolic
Dirichlet IBVP when the reaction functions fﬁl) (Wi, Vi) and fﬁ) (Wi s Vin)
are assumed to be mixed quasimonotone. Using upper and lower solutions as
distinct initial iterations, two monotone convergent sequences from linear system
are constructed. It is shown that these two sequences converge monotonically
from above and below to maximal and minimal solutions respectively which lead
to the existence-comparison and uniqueness results for the solution of the dis-
crete Dirichlet IBVP. Positivity lemma is the main ingredient used in the proof
of these results.

We organize the paper as follows: In section 2, Dirichlet IBVP for finite
difference system is formulated from the corresponding continuous semilinear
problem under consideration. The notion of upper lower solution is introduced.
Section 3 is devoted for the construction of monotone scheme for the discrete
Dirichlet IBVP. Using upper and lower solutions as distinct initial iterations, two
monotone convergent sequences are constructed, which converge monotonically
from above and below to maximal and minimal solutions respectively. Existence-
comparison and uniqueness results for the solution of discrete Dirichlet IBVP
are proved in the last section.

2. Finite Difference Equations

In this section, we obtain the discrete version of the Dirichlet initial bound-
ary value problem for weakly coupled system of semilinear time degenerate
parabolic equations. We consider the time degenerate Dirichlet initial boundary
value Problem (IBVP) for weakly coupled system of semilinear time degenerate
parabolic equations

d (z, t)uy — DYV (2, 6)V?u = fO (x,t,u,v);

mn DT 1
d® (2, t)v; — DD (2, t)V?v = fO(2,t,u,0); ®
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Boundary conditions

u(z,t) = h(l)(xat);
v(x,t) = h? (z,t); on St @)

Initial conditions
u(z,0) = M (2);
v(z,0) = P (@);

where ) is a bounded domain in R?, (p = 1,2,...) with boundary 9. Here we
denote parabolic domain and parabolic boundary by

in Q (3)

7 :=Qx (0,T] ,S7 := 00 x (0,T],T > 0 respectively.

Suppose that

(i) The functions dV(z,t),d® (z,t) are nonnegative in Dy. However we will
not assume that dV) (x,t) and d® (z, ) are bounded away from zero. Since
both the coefficients d™V)(z,t) = 0,d® (z,t) = 0 for some (z,t) € Dy and
hence the system is time degenerate.

(ii) DM (x,t) >0, D@ (z,t) > 0in Dr.

(iii) the functions f™)(z,t,u,v), f® (x,t,u,v) are in general nonlinear in u, v
and depend explicitly on (z,t). They are assumed to be mixed quasimono-
tone.

Now, we write the discrete version of the above continuous Dirichlet IBVP
(1)-(3) by converting it into finite difference equations as in [1, 6, 7]. Let i =
(1,42, ..., ip) be a multiple index with 4, = 0,1,2,...,M, + 1 and let x; =
(Tiy, Tiy, ..., T4, ) be an arbitrary mesh point in €, where M, is the total number
of interior mesh points in the x;, co-ordinate direction. Denoted by 2,, €,
09Q,, A, and S, the sets of mesh points in Q, Q, 9Q, Q x (0,7) and 9Q x (0,T)
respectively and A, denote the set of all mesh points in Q x [0, T] where Q is the
closure of . Let (¢,n) be used to represent the mesh point (z;,t,). Set

Wi = u(Tiytn), Vi = 0(T4, ty),
dil) = dO (@i ta), d5) = dD (@i, ta)
DY) = DV (a,.12), D = DO (i ),
h(l) = 1D (2, 1), hga{ = b (a;,tn)
(1) = 0D (z;,0), (,2; = u?(2,,0)
v;i} = 121,048 = v (2,,0)
eV = 0 (), 4P = 6@ (a,)
fi(il)(uim, vig) = f
ff @)

z(jz) (ui,na Ui,n,) = f

(@iy tny Win, Vi),
(

xv;tn;uv navzn)
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Let k,, = t,, — tn—1 be the n** time increment for n = 1,2, ..., N and h, be the
spatial increment in the x;, co-ordinate direction. Let e,= (0,...,1...,0) be the
unit vector in R? where the constant 1 appears in the v component and zero
elsewhere. The standard second order difference approximation is [2, 8, 7]

A(”)u(xi, t,) = hl(,_z) [w(z; + hpey, tn) — 2u(x;, tn) + u(x; — hyey, ty)] (4)

and usual backward difference approximation for u; by k,; 1(uim, —Ujp—1). Then
the continuous Dirichlet IBVP (1)-(3) becomes

P
dg,lﬁk;l(ui,n — Uip—1) — Z DE,QA(”)Ui,n = fi(,il) (Wiyn, Vin);
v=1 .
: Gm)eh, ()
dgiik;l(v”, B Uiv"_l) - ZDZ(,erzA(V)’Uzn = fl(jl) (ui,navi,n);

v=1
boundary conditions
Vi = 1Y ps
initial conditions
Uj0 = \I’z(vl)§ .
e i e Q (7)
Vio = ¥; 73

In this way we have obtained the discrete Dirichlet IBVP (5)-(7) for time degen-
erate parabolic partial differential equations. The reaction functions fi(;l (Wi,
Vi) and fi(i) (Wi,n, Vi n) are assumed to be mixed quasimonotone. In this case, we
consider that fﬁ) (Wi n,Vin) IS quasimonotone nonincreasing and fﬁ) (Wi s Vin)
is quasimonotone nondecreasing. We define it as follows

Definition 2.1. The C'-functions fi(;) and fi(i) are said to be mived quasimonotone
if
fi(jl) (ui,mvi,n) > fi(;) (uima v;n) for v;m > Vin

and , ,
F2 iy vin) < FE (W vin) forul,, > i

respectively (or vice versa).

3. Upper Lower Solutions

We develop monotone scheme for the system of finite difference time degenerate
Dirichlet IBVP (5)-(7). The discrete version of the positivity lemma in [4] for the
continuous problem play an important role in the construction of monotone and
convergent sequences. Now we develop monotone scheme for time degenerate
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discrete Dirichlet IBVP (5)-(7). We define upper and lower solutions of the time

degenerate discrete Dirichlet IBVP (5)-(7).

Definition 3.1. The functions (Uin,0in) and (Gin,0in) With (Gin,Vin) >
(Ui, Vi) are called ordered upper and lower solutions of time degenerate dis-

crete Dirichlet IBVP (5)-(7) if they satisfy differential inequalities
P
d(})k_l('[l%n - ai,nfl) - Z Dq(}TZA(U)aLn > fz(ln) (ﬂi,n; ﬁl,n)a

p
d(‘})k_l(ﬂi,n — Ui 1) — Z DE},ZA(U)ﬂi,n < fi(;) (Qiyn, Vi );

p

d(vz)/f_l(f/vz,n — Vim—1) — Z Df)A(“)@i,n > fz(?n) (Qi,ns Vin )

i,n''n n
v=1

P

dﬁzkf;l(@m — Vin—1) — Z Df)A(“)@i,n < fi(?n) (Qiyn, Vi );

n
v=1

Boundary conditions

(i,n) € Sp

Initial conditions

i€ Qp

(i,m) € A

Definition 3.2. For any ordered upper and lower solutions (Ui n, ¥ pn) and (G,

Jin) the sector is denoted by S and is defined as

Si,n - {(ui,n; Ui,n) € /_\p : (ﬁi,n; ﬁl,n) S (ui,navi,n) é (ﬂi,na f}l,n)} (8)



292 K. Ahire

Suppose there exist nonnegative constants c(1 and c buch that the function

(f; M f (2)) satisfies the following one sided Lipschitz condltlon

1n7

meMWM)KNNIWMHZ—éme—%MWMHWmZ%m

f(Q)(uz’,n; Vin) — f (Wi, v in) > —cgiz(vi,n — v} ,,) when v; , > v;,,

9)

Further more, for any (u;n, v; ) and (u} i vl ) in the sector S; ,,,we have

)(Ui,n — u;n) when Uin > U’i,n (10)
(Vi = Vi) when vi > i,

I (i vin) — F8) Wl 0i0) < €
fz("zn) (uiﬂ’h Ui,n,) - fz(,?n) (uiﬂl; Ui,n) S C

Adding c¢; )ui n and c; )vz » on both sides of equation in (5) respectively, we get

D I)A(”) —|—C( )uin—c(l)uln+fln(uln7vl n)

M*@

AV (u“7 — Uip—1) —

7,n n

N
I
—

DA, + Py = P+ £ (w0, vi0).

NE

df,zkgl(vi,n —Uipo1) —

—~ i,n i,
Suppose
P
Liu; ] = dglgkn (Wi — Win—1) — Z D, 1)A(”) n+ CE gul n
v=1
P

L['Uz n] =d, Q)k (Ui,n - Ui,n—l) - Z Dl(izA(”)Ui,n + Cl(‘izvi,n

MmN
=1
and

zn 1 7,1 zn

L[ ] — d(l)k ( (m) (m) ZD(UA(V (7") + C(l) (m)

,m n 1n—

L7 = A2k 0 — o) — 3 DEADUM, 4 Dol
v=1

Lemma 3.3. (Positivity Lemma) [4] Suppose that w;. satisfies the following
inequalities

P
dz nk 1(’LU1 n wi,n—l) - Z Di,nA(V)wi,n + Ci,nWin Z 07 (7'; n) € A;Da

v=1
Bw; ,, > 0;(i,n) € S,

W;,0 > O;i c Qp,
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where Bwi, = oz, tn)|w — & " Hw(@i, tn) — w(Ei, tn)] + B(i, tn) 22 (24, t0),
Cin > 0,d;n >0,2; 15 a suiéable point in Q, and |z; —&;| is the distance between
x; and &; then w;, > 0 in A,.

4. Monotone Iterative Scheme

) 0

We choose suitable initial iterations (u; ,,,v; n

) as either (@; n, Uipn) O (Uin, Vin)

and construct a sequence of iterations {u )} from the following iteration

processes

n’zn

Llugy)) =cf i “+f§13< %’”,vi’Z’“), -
,M) € Np
Lioi ] =e@oln ™D + 12 ) oY),

i,n ni,n zn ' Yin

ulnh =nl)

(m) h(z) (i,m) € Sy
(m) _w(l)
(m) @, €

It is a system of linear algebraic equations. Here m = 1 and with suitable choice

E,O,Z,El('?rz) = (Qin,Vipn). We get (1151,2) from first equation.

of initial iterations (@

Put this value in second equation, we get first iteration (1151,2,_5 73) Repeat the
i 7(72)} Further, suppose

m = 1 and with suitable choice of initial iterations (ggg, vz((;)) = (Ui, Vin). W€

process for m = 2,3, ..... We construct a sequence {u

get (ggl)) from ﬁrst equation. Put this value in second equation, we get first
@ =

iteration (u U; s ;) n) Repeat the process for m=23,..... We construct a sequence
(m) —(m)
{7 i}

Furthermore, we note an interesting point about the above iterative scheme is
that the component ( ) from first equation and is used immediately in second
equation and (7, )) is obtalned We note the above kind of iteration is similar to

the Gauss- Seldal iterative method for algebraic systems. It has the advantage
of obtaining faster convergent sequences.

In the following, we obtain the monotone property of the sequences when
initial iteration is either an upper solution or a lower solution.

Lemma 4.1. [Monotone Property] Suppose that

(1) (Qins Vin) and (Gip, 0in) are ordered upper and lower solutions of discrete
Dirichlet IBVP (5)-(7).

(ii) a function (f(l) f@)) is mized quasimonotone in S; .

iwn’Jin
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(iii) the function (f( ) f(2)) satisfies the following one sided Lipschitz condition

,n?J,n

f(l)(ui,n; Ui,n) f(l)( Uj s Vi, n) 2 _cz(',lrz(uim: - U’i,n) Zf Uin > u;,n (11)
f(2)(uz ns Vi) — f(2)(uz ﬂav/ n) = _cz(‘,ZrZ('Uim, - Ui/‘,n) if vigp > Ul{ n-

Then the sequences {ul o 1(72)} and {uz . ,_z . "™ possess the monotone prop-

erty,

(m+1) < 7E'n"r%l) <. < 17,51) < ﬂ/ln n Ap (12)

~ 1
uz‘,nSﬂEJZS"'SL@n n ,
i <o) << T <o < <) <5 in Ky (13)

(0) (1) _ ~. _Q _(0) _ ~
Proof. Define w; ,, = u; — Uy = Uiy — Uy s where Uy = Uipn. ‘We have

I 7,m N

p
L[wl n] =d; l)k‘ (uim - ﬂi,n—l) — Z DZ(EA(V) n + C( )U,z n

Ok @ — al) ZD@ A®EY ¢ (D)

znf
v=1

= dV kT (i — Tin1) ZD“)A Vit

,mn

—[c (1)u1 "+ ffn (Tim, Din)] (By iteration Process)

= dWk; YWy — tjn—1) — Z Df}n),ﬁ(y)ﬂi,n - fi(7173 (@i, Din)

i,n''n
v=1

>0 (Since 4; p, is an upper solution)

dW k- (wln — Win—-1) ZD(l)A(”) n+ c( )wl n>0;(i,n) €Ay

,n N

wi,n - ﬂ'i,n - hg},z Z 07 (Zvn) € Sp

wio = @i — W > 050 € Q,

Applying positivity Lemma 3.3, we get w; , > 0 implies that u( ) < U; . Simi-

larly, we can show that ; , < u( ) Define z; , = v(l) (073 5172 — ;.pn, where
0) _
Y, = Uin. We have

Llzin] = L[} — Llbin,

L[Zl n] _ d(Q)k ( (1) (1) ZD(Q)A(V) (1) +C(272—£1rz

7,n''n 1711
v=1
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P
[dgznkn ('Uz n Uz n— 1 Z Dl(,Z»,zA(V)'Ozn + Cgithm]
v=1

= D0+ oWl 05n) = [A00 K (D = Din1)

,m n

P
o Z Dz(,zrzﬁ(y) Oi,n + Cg zvl n)  (By iteration Process)
v=1
= fl(?”f)(( (1) Uz,n) [d(Q)k ( _Uzn 1 ZD(Q)A(V

—zn’ ,n’n

(We know that fi(i) is quasimonotone nondecreasing function)

Y

P
FE @i i) = [k (Din — Bin1) — D DI A, ]
>0 (Since 0;,, is 1ower solution)

dP - (z“7 — Zin—1) ZD 2)A(”) —l—c( )z”, >0;(i,n) € A,

7,m N

1) . .
Zin = U(TZ — Vjp > hf; —Vip >0;(i,n) €5
20 =0l — i 2 U — b0 > 05 € Q
Applying positivity Lemma 3.3, we get z; , > 0 implies that QEQ > Ui .
On similar lines, using the property of (u; n,0i,n) gives

ut =1 )

73>u”, and ;. < Vg

Next we define w(l) (1) u(l) We have

Liw)] = L[a{")] — Lul),

—z,n

Llw (1)] _ d(l)k ( (1) (1) )_ZD(UA(V (1)—|—C(1) (1)

zn zn 1 7,1 zn
v=1
2 ) )~ > DAV + el
v=1
= e + £ @S ol = e — 15w, o)

(By iteration Process)
1),-(0 0 1),-(0) (0 1, 0 (0
=[§,2<§> _E,b P @000 = £ ) vl

[f ( (0)) f(l)( (0) 7(0))]

>0 fi(;) is Lipchitzian and quasimonotone nonincreasing),

p
Ak (wil) —wi) 1) = Y DEAVw) + el > 0:(6n) € A,

i,n''n zn 1
v=1
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wil) = al) — oV > ) —ul) > 0;(i,n) € 5,
wlf = ol -l 2 0l iy > 0i e

Applying p051t1v1ty Lemma 3.3, we get wz(n) > 0 implies that QEQ < ﬂglrz
Define z (1) (1) . We have

L[> “’1 [@521 Llvi)]

L) = a6 o)) - 30 DEA + el
v=1
Ak @l — o)) ZDM” oo+ el

= o+ r @) o) - 523_503 £ (i), o)
(By iteration Process)

[53( ion = Vi) + S (@, 000 = S @) )]
+Ui <§n,_m> fintw )]

>0 ( fv is Lipchitzian and quasimonotone nondecreasing)

d(Q)k ( (1) (1) ZD(Q)A(V (1) +C(2) (1) > 0; (’L n) c Ap

znl znzn—

20 =) o) > ) - U(,l) >0;(i,n) € S,
“0) = 17“) o) >0 — i) > 050 € Q.
Applying positivity Lemma 3.3, we get zl(lrz > 0 implies that lerz < 17%(172
We conclude that

Thus result is true for m = 1. Assume that it is true for m =1
W <o) <ol <l i,
v <ol <o <o ind,.
Now we prove that it is true for m =1+ 1.

Define w(l) ﬂglzl — ﬂgl:{l) We have

Lw"] = L)) - Lal™M),

\n

L[ (l)] _ d(l)k ( (l) —(l) )_ ZD(l)A(u) (l) +C§1) 0

7,n''n 1711 nin
v=1
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,n n ln nln

[d(l ! (z+1 l+1)1 ZP:D DAM G l+1)+ 51) (l+1)]
1

v=

= T 4 Y 17) ~ D + 7D, 20

1n Z’H

(By iteration Procebs)
_ D=1 —(l (=1 -1 (OO
ln( 171 )+f171(171 —171 ) 'f ( ln’—ln)
= [c (1)( (l n_ —(l) )+ f(l)( (l 1) (l 1)) f(l)( (l) (l 1))]
l - l l
[f(l)( () ot 1)) f(l)( () ())]

1n7—1n 1’"7—111

>0 fi(n) is Lipchitzian and quasimonotone nonincreasing)

P
ANk W) —w) ) —ZDEQN”’w“’ +cMuwl > 0;(i,n) € A,
l(zr)L ,(z) —ﬂng h(l Qz) > 05 (i,n) € S,
w’) =u§% al'd? > wl ) > 050 € Q.

Applying positivity Lemma 3.3, we get w() > 0 implies that 71({:;1) <u (l)
On similar lines we can prove that u(l) < u(l+1) and u(l+1) < ‘Ef:l). Deﬁne

fr)z = 1(7)7 - Uf,lﬂ). We have

Liz") = L)) - Lot

/4
L) = ik (0, = 000 _1) = Y D AYS + el
v=1
[k @ = o) ZD”A“’ o e )

D gl 1)+f(2)( 0 H= 1)) (2) 7 f(Q)( (I+1) —(l))

1n Z’H 1n’ 1n Z’H 1n Z’H ? ,Mn

(By iteration Process)
= el = o) + £ @i, 00 = 12 @i, 0]
[f(Q)( 0 —(l)) f(2)( (I+1) —(l))]

1n7 ,Mn 1n ) 7,mn

+
>0 f is Llpchitzian and quasimonotone nondecreasing)

Ak (0 = 20 ) Z DEA®O 1+ (D0 > 0:(i,n) € A,
v=1
l _(1 _(l4+1 _(1 2 .
2 =ol) ot > o) — ) > 0;(i,n) € S,
A0 =0 — g > 17% —9® > 000,

Applying positivity Lemma 3.3, we get w(l) > 0 implies that T)(Hl) < T)(l) Note

that using similar arguments we can prove v v( ) < U(l+1) as well as v(l+1) <o _(l+1)
Thus from principle of mathematical 1nduct10n rebult is true for all m. ]
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5. Applications

In this section, we show that the monotone method can be successfully applied
to prove existence - comparison and uniqueness results for the solution of the
discrete time degenerate Dirichlet IBVP (5)-(7).

Theorem 5.1. (Existence-Comparison Theorem) Suppose that

(1) (@i, Vi) and (U, 0in) are ordered upper and lower solutions of discrete
time degenerate Dirichlet IBVP (5)-(7).

(ii) a function (fz(;), fi(2)) is mized quasimonotone in S; .,

(iii) the function (fi(;), fl( )) satisfies the following one sided Lipschitz condition

/
(wipn — u n) When w; , > s p,

1
fz n (uz ns Vi) — fi(,n)(ui,nﬂ Vi) > _Cg
5 (Vin —vﬁn) when v; , > 1/

f'(2)(uiﬂavin) _f'(Q)(uiﬂavl' ) 2 —C

Then the sequence {u )} converges monotomcally from above to max-

T, n ? l n
imal solution {U; n,V; n} and the sequence {ul s Ui n)} converges monotonically
from below to minimal solution {x; ,,v; ,} of discrete time degenerate Dirichlet
IBVP (5)-(7). More over mazimal solution {8 n, Vin} and minimal solution
{% > v; 0} satisfy the relation,

(ﬁi,naﬁi,n) é (’U,z ns 17;) é (ul n;vz n) é (uz n;vz n) m ]\p (14)

Proof. From Lemma 4.1, we conclude that the sequence {u7 o 1 " } is monotone
nonincreasing and bounded from below hence it converges to limit function say
(@Win,Vin). Also the sequence {ul s (m)} is monotone nondecreasing and is
bounded from above hence it converges to limit function say (u, ,,,v; ,). So the
following limits:

. m
lim U = Ui,

m—00
m ™
Jmw = U,
O
Jm v = v

exist and called maximal and minimal solutions respectively of the discrete time
degenerate Dirichlet IBVP (5)-(7) and they satisfy the relation

(@i, Diin) < (Ui s Vin) < (Uisns i) < (Ui, Vi) 0 Ay, n

Theorem 5.2. (Uniqueness Theorem) Suppose that
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(1) (Qins Vin) and (Gipn, 0in) are ordered upper and lower solutions of discrete

time degenerate Dirichlet IBVP (5)-(7).
(ii) the function (fﬁl), f(2)) is mized quasimonotone in S; .,

(iii) the function (f7 e f(2)) satisfies the following Lipschitz condition

— e (i — ) <FE Wiy vin) = )W vin) < ) (g0 — )

when w; n > u’

— Z'H)

E,Qrz(vim, - 1 n) f (U'l Wavl n) f(2) (U'l n, U I ) S CE?(“%" - U;,n)

when v; p, > v
Then the discrete time degenemte Dirichiet IB VP (5)-(7) has unique solution.

—C

Proof. We know that (u;n,v;n) and (4; ,,2;,) are maximal and minimal so-
lutions respectively of the discrete time degenerate Dirichlet IBVP (5)-(7). To
prove the uniqueness of solution, it is sufficient to show that

Wi = Ui and U, , > Vi

Define a function w; , = u; ,, — %i,n. Observe that

P
d; 1)k (’LUi,n - wim,_l) — Z Dz(,lrzA(V)'LU

7,Mm N

f(l) (—1 n?—v n) - fz( (ul ny Vs n)
f (_1 oY n) - f(l (U'z ns U ) (uv n, Y ) f (ui,nv @i,n)
Z_clﬂw7n+fzn(u17ia_zn) f (uvnvvzn)

Since fi(_n? is mixed quasimonotone, we obtain

P
dM ks Yw;p — wip—1) — Z DE}TZA(”)wi,n + Cinwin, >0

,n n
v=1
Wi,n > 0
w;,0 Z 0.
Applying Lemma 3.3, we get w;, > 0 ie. u,;, > U, and we conclude that
Wiy = Ui On similar lines, we can prove that Ui 2 Vin and we conclude that
Yin = Vi Hence the result. [
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